The role of deformation analysis is discussed with respect to its existing or possible future applications in geodesy and geodynamics. Expressions for strain tensors are given in the more general case of Riemannian spaces and specialized for Euclidean spaces and the case of infinitesimal deformation. Among the various applications, special emphasis is given to the study of crustal deformations of the earth, deformations of the gravity field, and gravity field related deformations. Other applications are also considered.
Since form and shape are described mathematically by the concept of metric, deformation can be represented by mathematical objects which depend on metric alterations.
Usually, in classical mechanics the relevant metric spaces are Euclidean. This is due to the model accepted for the description of the physical three-dimensional space in the neighborhood of the earth. The most convenient way of describing Euclidean space is by means of Cartesian orthogonal coordinate systems. However, curvilinear coordinates within Euclidean spaces are also useful in some applications.
In order to apply the above mathematical techniques outside the realm of mechanics, a generalization to Riemmanian metric spaces is sometimes necessary, for example, in cartographic applications.
Therefore the development of our formulation will start from curvilinear Riemmanian spaces. Euclidean descriptions with curvilinear or Cartesian coordinate systems will then be derived as special cases. 
where Gij, gid are the corresponding metric tensors and G, g their matrix representations. It is furthermore assumed that a one-to-one correspondence exists between the two spaces described by u = u(U)
This mapping function must also be continuous and have a continuous inverse, that is, a homeomorphism in mathematical terms. In classical mechanics the sets U and u(U) correspond to the same point in two different states of a material body.
For the description of deformations we look at the differences (ds 2-dS 2) between corresponding elements of the two spaces under comparison. These differences can be expressed either in terms of the first coordinate system U (Lagrangian approach) or in terms of the second coordinate system u (Eulerian approach).
When the Lagrangian approach is followed, the Lagrangian strain tensor (strain matrix) E is introduced by means of ds: -dS: ae=f 2dUr E dU 
When the Eulerian approach is followed, the Eulerian strain tensor (strain matrix) E* is introduced by means of ds 2 _ dS • ae__f 2durE, du
so that
E* = «[g -(•U/•u)rG(•U/•u)]
We have called E and E* in (5) and (7) tensors. However, some clarifications are needed. Tensors obey well-known transformation rules under changes of coordinate systems. These rules apply to E and E* when the first coordinate system U undergoes a transformation, while the second coordinate system u undergoes the corresponding transformation induced by (3). On the one hand, function (3) depends on an underlying correspondence between the elements of the two compared Riemmanian spaces; on the other hand, its specific mathematical representation is a consequence of the more or less arbitrary selection of the coordinate systems U and u. A general discussion of this aspect is given by Boucher [1980] . The point will be clarified later when specific applications are analyzed.
Note that all components of the strain tensor must have the same physical dimensions. The reason for this restriction is that scalar invariants of the strain tensor are sometimes used as deformation parameters. Since these invariants (i.e., the trace and determinant) are combinations of the tensor components, they are physically meaningful when the particular components have the same physical dimensions. Recalling (4), the above restriction necessitates the use of curvilinear coordinates of the same physical units in contrast to some usual choices (e.g., spherical coordinates with both angular and linear units). In order to avoid this inconvenience, all coordinates may be transformed to coordinates of the same units through multiplication with suitable scalar factors. For example, when angular coordinates are used in the same set with linear coordinates, they can be transformed to linear ones through multiplication with the radii of curvature of the corresponding coordinate lines.
Equation ( 
Stretch-Rotation Decomposition
An advantage of the analysis concerning infinitesimal deformation is the determination of the antisymmetric part of the Jacobian of the displacements 8g/0U (see (40) and (41)), which represents the infinitesimal rotation of a small neighborhood of the point in question with respect to its original orientation.
In the case of noninfinitesimal deformation a similar approach is possible through the polar decomposition theorem of Cauchy [Truesdell, 1977] . Restricting ourselves to the Eucli- As is well known, geodetic observations are of a geometric and physical nature. They are also limited to points on and/or outside the surface of the earth. It is beyond the scope of this paper to discuss deformation problems related to the interior of the earth [Bullen, 1975] Deformations of the crust, beyond the surface, cause changes in the gravity field of the earth and can be sensed through gravity-dependent geodetic observations. It must be noted that changes in the gravity vector and gravity potential at discrete points of the surface can be ascribed either to the surface motion or to changes in the gravity field per se. These two effects can be separated when the whole surface is covered by observations, in which case geodynamic boundary value problems are formulated for the determination of variation in the geometry of the boundary surface and variations of the gravity field outside the surface [see Dermanis and Sans& 1982' Heck, 1981] .
The study of global deformations of the crust surface can be primarily done by space geodetic techniques (laser ranging, very long baseline interferometry, etc.), while traditional geodetic techniques (triangulation, trilateration) are valuable for the study of deformations on a local scale. Global crust deformation and plate tectonic motion determination are the subject of extensive research both theoretical and applied, but there are still problems to be solved (for a discussion see, for example, Baarda [1975] and Livieratos [ 1979] ).
Local crustal deformation studies are referred to two dimensions, following the classical separation of geodetic practice, that is, the duality planimetry-elevation. In this case, leveling is tied through gravity with internal changes. Since height is anholonomic, that is, path-dependent, geopotential numbers must rather be used through the combination of leveling with (e.g., crust embedded in a Euclidean space) it is necessary to know the continuous field of displacements at every point of the medium or, at least, in the neighborhood of specific points where strain is to be calculated (see (36) and (37)).
Geodetic observations are usually discrete and limited to points on the two-dimensional surface. Even if the three components of the displacement vectors in a network of surface points could be evaluated by analyzing geodetic observations, strains could not be directly computed. In order to evaluate the space derivatives of displacements appearing in (36) and (37) a continuous field of displacements is needed. When only discrete values of displacements are available, a continuous field •(X) can be obtained by interpolation. The interpolation concerns the determination of displacements not only on the surface but also within and outside the crust. For points within the crust the strains are computed by analytically differentiating the interpolated function •,(X), and consequently, the strains depend not only on the discrete geodetic observations but also on the chosen interpolation technique. The more the interpolation technique reflects physical reality, the closer the computed strains are to the real ones.
The same holds for strain computation at points on the crust surface, but an additional problem exists: In physical reality, displacements outside the medium are not defined, and stressstrain relation problems can be faced, introducing boundary conditions on the surface.
• Mathematically speaking, interpolation techniques predict displacements even outside the medium, and computed surface strains depend on such predictions and consequently do not reflect physical reality. They have only a descriptive value and should not be used, for example, for conclusions on stress-strain relations.
In practice, the problems connected with deformations in three dimensions are bypassed by computing separately twodimensional plane strains and vertical motions. Since it is natural to be interested in three-dimensional deformations, one may think of combining two-dimensional plane displacements with vertical motions in order to derive displacements in three dimensions and the relevant strains. However, as already mentioned, vertical motions are severely dependent on changes of the gravity field even when these changes are not accompanied by motion of the terrestrial surface.
As is well known to geodesists, the really estimable quantities are differences of the geopotential, which can be transformed into orthometric height differences and into their time variations only when the gravity field and its time variation are independently known.
On the other hand, the effect of the gravity field variations on the plane horizontal coordinates of triangulation points is negligible. When analyzing a local triangulation network, a common horizontal plane of reference is assumed for the perpendicular projection of network points. In this case, though observations (angular horizontal measurements) at each point depend on the local direction of the plumb line, they are not sensitive to the expected small changes in this direction. This allows the determination of horizontal displacements which gravity. Geopotential differences may be caused by changes of essentially reflect actual horizontal motions with negligible efthe gravity field due to density redistributions within the crust without any actual change of the geometric shape of the surface. A discussion of the discrepancies between actual and apparent height differences as related to crustal movement is given by Bird[1975] .
In order to compute strains in a three-dimensional medium fects from gravity field variations. For the study of crustal deformations in two dimensions, usually followed in practice, intrinsic two-dimensional strains are defined for the description of the geometric alterations in the positions of the projections of the surface points onto the local reference plane.
Again, as in the three-dimensional case, strains, being local differential quantities, require continuous displacement information. Geodetic techniques provide only discrete displacements, and strains can be computed only after an explicit or implicit interpolation of displacements.
The definitions of the Lagrangian strain tensor E, the infinitesimal strain tensor a, the infinitestimal rotation matrix 11, and their Eulerian counterparts apply equally well in the twodimensional case. Since the analysis is carried out on the plane (Euclidean space), the equations (36) 
When the infinitesimal strain a only is considered, corresponding infinitesimal quantities A, 7, etc. are defined.
From the Jacobian of the displacements (46), the infinitesimal antisymmetric rotation matrix is also defined, where ro is the angle (in radians) of infinitesimal rotation. Similar quantities are analogously defined for the Eulerian mode of description.
There is an extensive literature concerning applications of the above two-dimensional plane strain analysis from geodetic results. Two approaches are basically followed. In the first approach, angular or distance observations at two different epochs are used (observation methods). In the second approach, the coordinates from independently adjusted triangulations at two epochs are used (coordinate method). This is essentially a finite element method where strains are considered constant within the triangular elements.
Concerning 
DEFORMATION OF THE GRAVITY FIELD OF THE EARTH AND GRAVITY FIELD RELATED DEFORMATIONS
As already discussed in the introduction, while the analysis in the previous chapter concerned the classical treatment of material deformation, the same tools can be abstracted for the study of deformations related to the gravity field of the earth.
In this context, three alternative cases are studied:
1. The most straightforward way of defining deformation of the gravity field is to compare two different gravity vector fields in the vicinity of a fixed point in geometry space.
2. Since traditionally in geodesy we deal with positioning by means of observations related to the gravity field, an alternative approach can be formulated by studying the change of geometric positions identified by the same value of the gravity vector, or any three other appropriate gravity field related parameters, with respect to two different gravity fields under comparison.
3. The third alternative is to study the alterations of the geometric and gravity characteristics, as well as their interrelation, in the vicinity of material points of the earth's surface.
For the study of these cases the following Jacobians are used: 
In the more general case when curvilinear coordinates •(F) and 9(¾) are used for the description of gravity space, the above relations are written as in (5) 
The relevant strain tensors (85) and (86) describe deformation induced by, for example, mapping the surface of the earth into the telluroid [Bocchio, 1976 [Bocchio, , 1979a Osada, 1978 Osada, , 1980 Marussi, 1973 Marussi, , 1974 Grafarend, 1978a Grafarend, , 1978b Teisseyre, 1969] .
A Another example is the comparison of two forms of a network (or parts of a network) resulting from the utilization of different subsets of the total originally available observations, in which case, deformation parameters may be used for the detection of gross observation inconsistencies (blunders) [Thapa, 1980; Vanicek et al., 1981] .
A very interesting aspect of the study of deformation appears in engineering surveying [Pelzer, 1971 [Pelzer, , 1974 Platek, 1974 Since deformation parameters are connected to comparison of metrics, one can study deformation between different metrizations of one and the same physical space, without the need of establishing point-to-point correspondences. An example can be found in the study of atmospheric refraction, where the three-dimensional Euclidean earth space is compared with itself when endowed with a metric related to the index of refraction (see, for example, Marussi [1953] and Grafarend [1975] ).
A related approach is based on the exploitation of certain analogies between stress-strain relations of elasticity theory and error propagation in geodetic networks [Borre and Krarup, 1974; Grafarend, 1977; Borre, 1979] .
